Classical phase space flow is inviscid. Here we show that in quantum phase space Wigner's probability current J can be effectively "viscous". This results in shear suppression in quantum phase space dynamics and explains the existence of a limit of the minimum size scale of structures that form dynamically. Applying the quantification of quantum shear suppression as a new measure of quantum dynamics to several conservative 1D bound state systems, we find that global shear suppression allows us to identify 'special' quantum states.
As time progresses, classical phase space probability distributions ρ, subject to conservative dynamics, are generically stretched out on ever finer scales [1] [2] [3] , see Fig. 1 a and c.
Wigner's quantum phase space distribution W , under conservative quantum evolution, behaves differently, Fig. 1 b and d. It forms phase space structures with negativities and patches no smaller than
Zurek's phase space area scale [2, 4] . Here h is Planck's constant, and length L and momentum P represent the quantum state W 's spread in phase space and thus the area L P (measured in units of action) to which it is confined. Zurek's scale a Z arises as a consequence of interference in phase space [2] , i.e., the size of its smallest patches are imposed by Fourier theory, see Ref. [4] though.
Here we identify the mechanism that suppresses the formation of structure on scales below a Z :
The time evolution for quantum dynamics in phase space is described by a current J [5] [6] [7] that contains terms creating copious small structure in Wigner's distribution W [2, 8] . We find that when W 's patches become small in (phase-) spatial extent the dynamics becomes essentially viscous, suppressing the generation of ever finer structures. We analyse this behaviour locally in phase space and show that it counteracts classical phase space shear by forming a characteristic polarization pattern, associated with shear suppression, see Fig. 2 below. Subsequently, we study the polarization's global behaviour and demonstrate that this provides a sensitive measure Π(t) for global shear suppression in phase space. Studying Π(t) as a function of time allows us to identify the times when the dynamics generates 'special' quantum states.
We study one-dimensional systems continuous in position x and momentum p, the generalization to higher dimensions is straightforward.
The motion of a classical point particle of mass M , governed by a conservative 1-D Hamiltonian of the form H = p 2 /2M + V (x), is described by the divergence-free Hamiltonian velocity field v = p/M −∂xV ; we use the short hand notation A weakly excited gaussian coherent state (not shown), which is positive everywhere [9] , is chosen as initial state. Initially centered on (x0, p0) = (2, 0) it is propagated in the hard potential V∪ = x 4 /16 for time t = 25 under classical evolution, a, and t = 4.7 under quantum evolution, b. Similarly, a coherent state, initially centered on (x0, p0) = (1.5, 0) is propagated in the soft potential V∨ = 31x 2 /10 − x 4 /81 for time t = 50, under classical evolution, c, and quantum evolution, d. [Atomic units = 1 and M = 1 are used in all figures.] The classical distributions ρ form highly sheared clockwise, a, and anti-clockwise, c, spirals [10] . The quantum evolution's Wigner distribution has less fine [2, 10] structure but negativities (blue, delineated by dashed lines at W = 0). such as v, in bold face, their magnitude is v = √ v · v. A probability density ρ(x, p, t) gets sheared apart since the associated current j = ρv features non-zero gradients of the angular velocity across energy shells. This flow is inviscid since no terms suppress the effects of such angular velocity gradients.
Classical phase space flow proceeds clockwise and, if the angular velocity on higher energy shells is greater than on lower ones, shears distributions clockwise, see The shear s of the classical velocity field v can be quantified by the directional derivative of the negative [11] scalar curl
where the scalar curl operator (
[this is the 3 rd component of the regular curl operator acting on vectors of the form v = (v x , v p , 0)] maps a 2D-vector function to a scalar function. Here, we use the directional partial derivative, with respect to the normalized gradient of the Hamiltonian ∇ H = ∇H/|∇H|, which is constructed from partial derivatives combined to form the phase space gradient operator ∇H = (∂ x H, ∂ p H).
Potentials, such as double-well potentials, can feature phase space sectors with changing sign of s H , the dividing case are harmonic oscillators for which s = 0 globally, since their dynamics rigidly rotates distributions in phase space [12] . To treat different cases on an equal footing we make use of the sign-function S H =sign[s H ] which discriminates clockwise (S H∪ (x) = 1), see Note, in classical mechanics of conservative systems
Wigner's phase space quantum distribution [5, 13] W (x, p, t)
is real-valued, non-local (through y), and normalized
dx dp W (x, p, t) = 1. W is set apart from other quantum phase space distributions [7, 13] as the closest quantum analogue of the classical phase space distribution [2, 14] , here we therefore only investigate W .
To study W 's dynamics one Wigner-Weyl transforms the von Neumann equation , 7, 15, 16] ; analogously to Eq. (3). The result can be cast into Wigner's continuity equation [5] , also called the quantum Liouville equation (see [7] though)
where J(x, p, t) denotes the Wigner current [6, 7] . In general J has an integral representation, just like W itself [5, 7] . In the case of potentials V (x) that can be expanded into a Taylor series, J assumes the form [5] 
is of classical form, the terms of higher order in l are the quantum correction terms. They are present for anharmonic potentials [7] . For quantification of the classical shear s H we can rely on the Hamiltonian velocity field v, it is stateindependent.
In the quantum case the velocity field v is ill-defined [8] and inclusion of the effects of the state W on the dynamics is needed. We therefore use the Wigner current J, which depends on W , and contains the classical current j = J p | l=0 . The mechanism for the suppression of classical shear has to reside in the quantum terms J − j. To extract it we form their negative [11] scalar curl quantifying the quantum vorticity deviation
Assuming that structure below the Zurek-scale a Z does not form in quantum phase space [2] (see Ref. [4] though), quantum dynamics has to 'lock-in' spotty structure of W , when scale a Z is approached, to prevent W from suffering further classical shear s H .
For a hard potential, to counteract its positive classical velocity profile s H , the value of δ should drop (assuming W > 0) with increasing values of energy, this is indeed what happens, see Fig. 2 i and j.
For soft potentials the negative values of s H lead to a reversal of δ's polarisation pattern: contrast panels Fig. 2 i with k, and j with l. We have succeeded in quantifying the dynamic shear suppression that describes the 'viscous' character of J using the ensuing polarization of δ, see Fig. 2 : this identifies the mechanism responsible for the difference between quantum and classical dynamics in the size of structures forming in phase space, as illustrated in Fig. 1 .
The vorticity deviation δ, depicted in Fig. 2 , is polarized. To pick this polarization up we use the directional derivative ∂ ∇ H δ. This is multiplied with S H (x), such that terms counteracting the local classical shear s H (x) always count negative, irrespective of s H 's sign. The resulting combination has to be multiplied with W , because negative patches of W invert the current J [6] , and because we need to weigh the local contribution of the state. We therefore arrive at the local shear deviation polarisation π(x, p, t; H) = W (t) S H ∂ ∇ H δ(t; H).
Roughly speaking, the more a state evolves away from a smooth initial state, such as the Glauber-coherent states P (x, 0) used in panels a and b of Fig. 2 , the more it should form structure in phase space, eventually settling when the Zurek-scale is approached. To monitor the settling, we study the global shear deviation polarization Π. Since in classical mechanics S H s H ≥ 0 and the effects of the classical current are subtracted in δ, we expect quantum shear suppression typically to result in negative values for π and Π. Here Π(t) is the phase space average f =´∞ −∞´∞ −∞ f (x, p)dxdp of π(x, p)
Π(t; H) = π(t; H) .
Time series of Π(t; H) are displayed in Fig. 3 a and b . In both cases we start out from a Glauber coherent state which has no negative patches making it a special state [9] . Such an initial state is 'far removed' from states evolved from it, once they have become dynamically settled; this characterisation is corroborated by two facts: the time series of Π(t) is symmetric around t = 0 (see Figs. 4 c and S2 10 c), and Π(t) tends to first drop and then settle at lower values for large t, see Fig. 3 . The fast oscillations in Fig. 3 occur with approximately twice the frequency of the classical frequency (1/T cl [18] ) which is associated with the centre-of-mass motion of the initial state. This frequency can be read off the probability
of the wave function overlap between evolving wavefunction Ψ(t) and the initial state, which serves as the reference state Ψ 0 = Ψ(0), see Figs. S1 6 and S1 7. We emphasize that cutting out the central bandΠ 0 is a stable procedure since the power spectrum drops sharply FIG. 4 . Smoothed Π(t), picks out special states. For the same hard potential V∪ and state, as in Fig. 3 a: a, Π(t) contains high frequency components which are grouped into harmonic bands. b, the central band (highlighted in green in d) is cut out and its inverse Fourier transform gives smoothed profiles Π(t), see c and e, of Π(t) in a. The close-up c of Π(t) and Π(t) near t = 0 shows the symmetry with respect to the 'most unsettled' initial state, compare main text. e, when Π's value deviates most from the longtime average we find that the evolution has led to an approximate recurrence of the initial state, we label this time T . One observes several pronounced peaks and troughs at intermediate times where fractional revival states [17] with special n-fold symmetries are found.
between neighbouring bands. Moving the precise location of the cut (Figs. 4 d and S2 10 d) changes the plot for Π 0 (t), Fig. 4 e and Fig. S2 10 e, very little.
The overlap probability P(t) can be accessible in measurements [19, 20] , it has been used to monitor quantum revivals and fractional revivals [17, [21] [22] [23] [24] [25] . Π cannot be measured directly, but, for continuous systems, it is straightforward to formulate and implement numerically.
Compared with the overlap probability P(t), Π provides an alternative viewpoint, directly based on the behaviour of quantum dynamics. An important advantage of Π over P is that it does not depend on a reference state, this should be important in spread out and unbound systems. In unbound systems P drops to zero for long enough times, whereas Π does not if V (x) has local anharmonic terms [8] , giving rise to quantum correction terms in δ.
We now show that for the hard and soft systems we study here, Π(t) also picks up non-classical aspects of the dynamics more sensitively than the overlap probability P(t), commonly used so far [18] .
In Fig. 5 we apply essentially the same filtering procedure to the overlap probability P, that was used to generate Fig. 4 e. Comparing the respective spectra explains differences betweenΠ(ω) versusP(ω), and Π(t) versus P(t):
The P n (t)-curves show that characterisation of the behaviour of the states is easier to achieve using Π n (t) Fig. 3 a with hard potential V∪: a, harmonic frequency bands of the Fourier imageP(ω) of P(t) are colorlabelled. We progressively remove higher harmonic bands and retain the groupPn(ω) of all n lower order bands. The smallest such group is the central bandP0(ω) around zero (dark green colour). b, when back-transforming groupsPn(ω) we arrive at smoothed curves Pn(t) of P(t), color-labelled by the highest retained frequency band from a above; P0(t) flatlines.
than P n (t), compare Additionally, the weights of the spectral bandsΠ n (ω) drop with increasing band index n, see Figs. 4 b and S1 8 a. Higher order bands can be truncated without losing too much information. In contrast, the weights of the spectral bandsP n (ω), see Figs. 5 a and S1 9 a, remain similar across several frequency bands n. For useful information, bands with high index n have to be retained. Their associated time-signal therefore suffer from complexity-overload, contrast Figs. 5 b and S1 9 b with 4 e and S2 10 e, respectively. The signals P n (t) display spurious negativities, see Figs. 5 b and S1 9 b, because they are filtered before being back-transformed. The probabilities P(t) are of course positive at all times, see Figs. S1 7 c and S1 6 c.
Our theory can be applied to Kerr-hamiltonians, driven and dissipative systems [26] and higherdimensional continuous systems, it is unclear whether it can be applied to discrete systems.
To conlude, we have established that Wigner current J in phase space can be effectively viscous. This viscous behaviour of J gives rise to local quantum suppression of classical shear generating a shear deviation polarization pattern that characterises the difference between quantum and classical phase space dynamics. J's viscosity constitutes the mechanism which limits the fineness of structures formed in quantum phase space dynamics. The quantification of the shear deviation polarization pattern provides insight into the local character of quantum phase space dynamics and provides a global measure Π(t). Studying its time series we find that Π(t) sensitively displays features of the dynamics, picks out special quantum states, does not rely on arbitrarily chosen reference states and provides information on the dynamics in a robust way.
For the study of the dynamics of continuous quantum systems we expect that the shear suppression polarisation Π(t) will prove to be a valuable alternative to the wave function overlap probability P(t).
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